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Abstract. While the notion of arboricity of a graph is well-known in graph theory, very few results 
are dedicated to the minimal number of trees covering the edges of a graph, called the tree number of 
a graph. In this paper we propose a method for computing in polynomial time the tree number of a 
subclass of planar graphs. The subclass in question includes but is not limited to outerplanar graphs; 
the difference between arboricity and tree number for graphs in this class can be arbitrarily big. 
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(Sj I 1. Introduction 

A cover of an undirected graph is a partition of its edge set. A cover of a graph is called a tree cover 
if all graphs of the partition are trees. A tree cover of a graph having minimum size is called minimal 
tree cover. A tree number of a graph G, denoted t(G), is the size of its minimal tree cover. We call a 
graph a pseudotree if it contains exactly one cycle. A cover consisting of acyclic (but not necessarily 
connected) graphs is called a forest cover. The arboricity of G is the minimum number of forests in 
a forest cover of G. The well-known formula for arboricity of graph was given by Nash- Williams in 

[Nash- Williams '64] , The arboricity provides a lower bound for the tree number. Unfortunately, a 
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general formula for the tree number of a graph is not available although some results are known. The 
tree number of maximal planar graphs was shown to be at most 3 by Kampen in [Kampen '76| . Ringel 
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proved that maximal bipartite planar graphs have tree number 2 in |Ringel '93] . The nontrivial upper 
bound for the tree number was obtained by Chung in |Chung '78] . Truszczynsky considered upper 
bounds in relation to the girth of the graph in |Truszczynsky '88| . Ringel et al. have studied the tree 
number of regular graphs in |Ringel et al. '97| . Llado and Lopez have proved a non-trivial bound for 
5_i ■ the tree number depending on the minimum degree in |Llad6 and Lopez '04| . 
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A planar graph is a graph that can be embedded in a plane; a graph is outerplanar if it has an 

embedding in the plane where the vertices lie on a fixed cycle and the edges lie inside the cycle and do 

not intersect. Every outerplanar graph is planar, but the converse is not true: is planar but not 

outerplanar. We introduce the class of cut- outerplanar graphs, that contains the class of outerplanar 

graphs: such a graph is built from outerplanar graphs connected by cut-nodes in a tree-like fashion. 

This class is nontrivial, because the difference between graph's arboricity and its tree number can be 

arbitrarily big (an example in Figure [Ha) shows an outerplanar graph with tree number n € N and 

arboricity 2). Additionally, graphs in this class can have arbitrarily many cut-nodes that usually make 

the computation of the tree number difficult. We prove that the tree number of cut-outerplanar graph 

can computed in polynomial time. Section [2] contains definitions used throughout the paper, Sections [3] 

l 




sub-element 

(a) Graph with tree number n and arboricity 2 (b) Elements and sub-elements 

Figure 1. Cut-outerplanar graph and its elements. 

and [3J] contain theoretical results necessary for the correctness of the suggested algorithm, and Section 
H] contains the algorithm itself and its complexity analysis. 

2. Definitions 

Let G = (V,E) be a simple bridgeless graph and let T = (Vt,Et) be tree describing the node cut 
structure of G. Each member of Vr is a 2-connected component of G, and two members Gi,Gj G Vr 
are connected by an edge (u, v) € Et in T if Gi and Gj share a node, denoted Cjj (a cut-node of G). 
We select an arbitrary root of T and provide the edges of T with a direction, thus effectively turning 
T into an out-tree. We use notation Gi -< Gj to state that a directed path from Gj to Gi exists in T . 
If every member of Vt '■= {Gi, GW} is an outerplanar graph, G is a cut-outerplanar graph. 

In this paper, we fix embeddings of G\, Gn with outer cycles Ci, ...,C n and provide each Ci with a 
direction for a given cut-outerplanar graph G. Then a subpath of Ci between nodes u and v, denoted 
uCiV, is unambiguously defined. We denote C := U^i C« an d call an edge in E a C-edge if it lies on 
C and C-edge otherwise. 

For two nodes x,y G Gj, S7y denotes a subgraph of G that includes all the edges with both ends in 
xCiy and all subtrees of T rooted in Gj for which Gi ~< Gj and Cjj G xCiy. If e = (x, y) is an edge, 
we may write e instead of x^y. When x = y, x := x/y denotes a subtree T" of T attached to Gj in x, 
if exists, that is larger than Gj w.r.t. the -< order. A subgraph L of G is called an element of G if 
5(L) C G. There exist nodes m,h £ V for which L = %v, called the end nodes of L (it is possible that 
u = v). G can be viewed as a set of elements connected by G r -paths, where G r is the root of T. 

An element L\ is a sub-element of an element L2, denoted L\ C L2, if the edges of L\ form a subset 
of edges of L2, and L\ and L2 are connected only by G-paths. An element L\ is direct sub-element of 

an element L2 if there exists no element M with L\ C M C 12- An element without sub-elements is 
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called simple, and an element with sub-elements is called composite. Figure QJb) contains examples of 
elements and sub-elements for a cut-outerplanar graph with tree structure {Gi -< G2,G\ -< G3}. 

Direction of each Cj defines a natural order on C-edges with both ends in G L . For edges (x,y) and 
(x',y') with x,y,x',y' £ G and x'Ciy' C xCiy, we say that (x, y) is a super-edge of (x',y') and (x',y') 
is a sub-edge of (x,y). An C-edge e = (x,y) E L with x,y £ Ci has level in L if and only if it has 
no sub-edge. If e does not have level 0, its level is the maximum level of its sub-edges plus 1. 

A node x with d{x) = 2 is called fit in an element L if there exists a tree cover of L where x is covered 
by two distinct trees and unfit otherwise. A minimal tree cover T of an element L with end nodes u 
and v is called proper if there exist two trees T\ , T2 G T where u € T\ and v € T2 . Note that u and v 
may be traversed by other trees from T as well. 

Our goal is compute the tree number for every element of the cut-outerplanar graph G separately and 
then show how to combine these numbers to get the tree number of G. 

3. Tree number of a simple element 

Let us first note the following trivial general fact. 

(3.1) T (L) > 2 for any element L of G, 

because, an element of G always contains a cycle because it either contains an C-edge or is a simple 
cycle Cj. 

Let us observe a level 1 edge e = (s, t) in an element of G. Then the sub-edges of e have level 0. We 
refer to these edges as indifferent set. Edges e%, ...,e n in indifferent set form at most two paths, where 
each of the paths is incident to either s or t or both by the definition of an element. 

Claim 3.1 Let L be a simple element with no indifferent set. Then t(L) = 2. 

Proof. Since L contains no indifferent set, all of its C-edges have level 0. Let L contain the edges of 
subgraphs G^, ...,Gj m , with G^ being the lowest w.r.t. the -< order. We prove by induction in m that 
there exists a two-tree cover of L where 

(3.2) each cut-node and node incident to an C-edge is traversed by two trees. 

When m = 1, the C-edges of L form a path with ends in end nodes of L, denoted u and v. If u ^ v, 

{L \ C, L n C} is the required tree cover (see Figure EJ^a)). If u = v and L is a simple cycle, we simply 

separate it into two paths in any degree two node. If, however, C-edges of L form a cycle, we denote 

the C-edges of L by (ai, 02), (02, 03), (a&, a\). Let 1 < j < b and x,y be degree two nodes lying 

on a-j-\Ci m aj and ajCi m aj + i respectively. We set T\ := L n C — (aj,aj + i) + xCi m aj + yCi m aj + \ and 

T2 := L \ C + (dj, cij + i) — xCi m aj — yCi m dj + i and get the desired tree cover (see Figure E](b) ) . 
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Figure 3. Claim I3~T1 case m > 1. 

Otherwise, let Gi m be the largest among G^, ...,G{ m w.r.t. the -< order. Then L\Gi m is also a simple 
element for which a tree cover {Ti,T2} satisfying the above conditions exists. Let us denote the cut 
node by which Gi m connects to the rest of L by q m . As L is simple, Gi m is either a simple cycle (see 
Figure 02(a)) or it contains a path (ai, 02), (02, 0,3), (ftft-i, a&) of C-edges where aj = Cj m for some 
1 < j < b (see Figure 02 (b) and (c)). In the former case we break Ci m in two in some degree two 
node and add the resulting simple paths to T\ and Ti- In the latter case, we set T\ := T\ + Cj m and 
T2 := T2 + Gi m \ Ci m , Let 1 < j < b and x be a degree two node lying on aj-\Ci m aj. If T2 contains no 
cycle, i.e. a\ 7^ a^, we transfer the segment xCi m a,j from Ti to T-j. This way, a cycle in T\ is eliminated 
and {Ti, T2} is the required tree cover for L. If T2 contains a cycle, i.e. a\ = a^, then b > 2 as G is not 
a multigraph. We perform here the same operation on T\ and T2 as in case m = 1 (see Figure E{c)), 
and obtain the required tree cover. □ 

Claim 3.2 Let L he a simple element of G with end nodes u, v and with an indifferent set e±, e n . 
Let L' be an element obtained from L by removing e±, ...,e n . Then t(L) = t(L') = 2. 



(a) (b) (c) 

Figure 4. Indifferent set. 

Proof. Let us observe a counterexample to the claim with L containing minimal number of edges and 
let ei = (v\,ui), ...,e n = (v n ,u n ). Let e = (s,t) G L be the super-edge of level 1 for e±,...,e n . Then 
t(L') = 2 and a tree cover T = {T±, T2} of V exists. Since sCrf, e is a cycle, it is covered by two trees 
in T and w.l.o.g. (s,t) £ T%. 

Since L is simple, w.l.o.g. there exist three possibilities of e±, ...,e n location (see Figure H](a), (b) and 

(c)): 

(1) s = v\, t = u n and ei, e n is a path, 

(2) s = v\, t 7^ u n and e%, e„ is a path, 

(3) s = v\, t = u n and ei, e^, efc+i, e n are two disjoint paths. 

Let us first assume that sCtf £ T2, We then set T := \T\ U e\ U ... U e n ,T2}. For cases [2]l3]T is the 
required tree cover for L. In case [U there exists a degree 2 node u; lying on v n CiU n as G is not a 
multigraph. Then T := {Ti + ei + ... + e n -\ + v n CiW, T<i — v n Ciw + e n } is the required tree cover. 

Let us now assume that sCiX £ T\ and xCit £ T2 for some degree two node x £ sCrf. We set 
T2 := T2 + sCiX (note that T2 gains a cycle) and repeat the operations described above. Now we 
only need to destroy the cycle in the new T2. Since G is not a multigraph, a degree two node w lying 
on v\CiU\ exists, and by construction (vi,ui) £ T\ and v\CiU\ £ T2. We set T2 := T2 — wCiU\ and 
T\ := T\ + wCiU\ and eliminate the cycle from T2; we then have a tree cover of size 2 for L. From 
(PTE]! we deduce that r(L) = 2. □ 

From Claims 13.11 and 13.21 we know that 

(3.3) the tree number of a simple element is 2. 

3.1. Fitness in a simple element. We now describe a method for determining whether or not a 
node is fit in a simple element L, when other fit or unfit nodes may exist. For a degree two node x, let 
us call the longest C-path containing x and not incident to C-edges the fitness path of x, denoted by 
P x . Note that removing P x from a simple element leaves the graph cut-outerplanar (see Figure 0) 

Claim 3.3 Let P x be a fitness path of a node x. Let L' := L\ P x be a subgraph. Then t(L') = r(L) 
if and only if x is fit. 
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(b) L after Px is removed. 



Figure 5. Removing a fitness path. 

Proof. Let us assume that x is fit. Then there exists a tree cover T = {Ti, T2} of L where P x = P12P2 
and w.l.o.g. Pi € Ti, P2 £ Ti. Setting T\ := T\ — P\ and T2 := T2 — P2 gives us a tree cover of size 2 
for L' . 

Let us assume now that t(L') = 2 for an unfit x. We select L to be minimal in the number of C-edges. 
Equation (13. 3|) and r(L') > 2 imply that V consists of two simple elements, possibly connected by a 
simple path. Then t(L') > 3 because the tree number of each simple element is 2 and these elements 
can share at most one tree in a minimal tree cover of L 1 , 

Let us assume first that L consists of two simple elements, denoted L\ and L%, connected by a cut-node 
y and w.l.o.g. P x € L\. Removing P x from L\ disconnects L\ as an element if and only if removing 
P x disconnects L as an element. Therefore, x is unfit in L\. However, separating the two-tree cover of 
V at y gives us two-tree covers for both L\ and L2 - a contradiction. 

The remaining case is when L consists of a simple element M with end nodes u, v and an edge 
(u',v) with u',u,v appearing on C in that order. If x is unfit in M, removing P x separates M and 
thus separates L as the edge («', v) can be incident to only one of the simple elements obtained from 
separating M. Then t(L') > 2 as required. If x is fit in M, there exists a proper tree cover T = {Ti, T2} 
for M where x is traversed by two trees. If w.l.o.g. v is traversed by Ti and T2 and u is traversed by 
Ti, we set T2 := T2 + («', v) and Ti := T\ + u'Cu. If u is traversed by Ti and T2 and v is traversed by 
Ti, we set Ti := Ti + (V, v) and T2 := T2 + u'Cu. In both cases we obtain a tree cover of size 2 for L 
where x is traversed by two trees - a contradiction. □ 

Corollary 3.4 Let x\ and 22 he a degree two nodes in a simple element L with fitness paths 
P Xl = P X2 . Then x\ and 22 are fit in L simultaneously only if L contains precisely one C-edge. 

Proof. Let T = {Ti,T2} be a tree cover of L with T\,Ti both traversing x\ and x%. Then, assuming 
x\ precedes 22 on C, T\ = x\Cx2- This is only possible if every cycle of L contains x\Cx2, which is 
exactly the case when L contains only one C-edge. □ 

Corollary 3.5 Let x\ and 22 he fit nodes in a simple element L with fitness paths P X1 and P X2 . 
Then 21 and 22 are unfit in L simultaneously only if P X1 = P X2 . 
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Figure 6. Two nodes sharing a fitness path in a simple element. 




Figure 7. Existence of proper tree cover. 

Proof. Let us assume that P Xl / P X2 while x\ and X2 are unfit in L. Let us denote V := L\{P Xl L)P X2 }. 
Then t(L') > 2, because removing fitness path of simultaneously fit nodes preserves the two-tree cover 
of L where every such node is covered by two trees. However, if removing a fitness path after others 
turns L into a non-element, the tree cover of resulting graph has to be bigger than 2. Then r(L') > 2 
and V is not a single simple element. 

Let V consist of simple elements L' 1} ...,L' m , possibly connected by simple paths (some of L\ may be 
trivial). Adding P Xl to L' turns it into a single simple element, meaning that m = 2 and both L[,L 2 
are nontrivial (attaching a simple path to L[ does not change the tree number of L'A, The same is true 
for P X2 . Then both P Xl and P X2 connect L[ and L 2 in L. Since L is simple, L[ cannot be a sub-element 
of L' 2 and vice versa, thus exactly one C-path connects L[ and L 2 in L. But then P Xl and P X2 have a 
common segment as they are subpaths of C, which is impossible unless P Xl = P X2 (see Figure [6]). □ 

3.2. Proper tree cover. The goal of this section is to determine when a simple element admits a 
proper tree cover subject to additional conditions. 

Claim 3.6 Let L be a simple with end nodes u,v and with degree two nodes x%, ...,x n that are fit in 
L simultaneously. Let L' be an element obtained from L by adding a (u' ,v)-edge and a degree two 
node y where u', y, u, v appear on C in that order (see Figure^ . Then there exists a proper tree 
cover T of L where all traversed by two trees if and only if nodes x%, x n , y are fit in 

V simultaneously. 

Proof. If xi, x n , y are fit in L' simultaneously, there exists a minimal tree cover T' — \T\,T2\ of 

V where traversed by T\ and T2 and w.l.o.g. (u',v), (u',y) G T\ and (y, u) G T2. Setting 
T\ := T\ — (u',v) — (u',y) and T2 := T2 — (y,u) gives us the desired proper cover. Suppose that nodes 
xi, ...,x n ,y are not fit in L' simultaneously but a proper tree cover T of L where all 



(a) 



(b) 



Figure 8. Cases of Claim |4~T1 

traversed by two trees and u G Ti G T and v G T2 G T exists. Then setting Ti := Ti + (y, u) and 
T2 := T2 — (u',v) — (u',y) gives us a minimal tree cover for L' where all x\, ...,x n ,y are traversed by 
two trees each - a contradiction. □ 

Claim E31 and Corollary 13.51 together imply: 

Corollary 3.7 In a simple element L with end nodes u,v and with simultaneously fit nodes 

xi, x n . Then there exists a proper tree cover T of L where all xi, x n are traversed by two trees 

if and only if no two fitness paths of the same. □ 

The above corollary allows us to determine when a simple element admits a proper tree cover while 
some degree two nodes inside of that element may be required to be fit. We use this result later to 
determine the existence of a proper tree cover for a composite element. 

4. Tree number of a composite element 

In this section we describe how the tree number of a composite element can be computed iteratively 
from the tree numbers of its direct sub-elements. 

Let L be an element of G and M its direct sub-element. We denote by L — M an element obtained 
by contracting M into a degree two node m. If Mi,...,M n are all direct sub-elements of L, then 
contracting Mi, M n into degree two nodes mi, ...,m n brings us to a simple element L — U£=i ^i- 
Node mi will be called a contraction node of Mj. We can then make the following claims about the 
tree number of G. 

Claim 4.1 t(L) > t(L - (J" = i M) + £"=i r(M) - 2n. 

Proof. We prove the claim by induction in n. Let us observe a minimal tree cover T of L. We denote 
by ei and &2 the two C-edges connecting Mi to the rest of L. If e± G Ti G T and ei G T2 G T \ T2 (see 
Figure Eta)), we immediately get r(L) > r(L - Mi) + r(M x ) - 2. If ei, e 2 G Ti G T (see Figure Mb)), 
L admits a cover where one cover member is a pseudotree and others are trees. The size of such a cover 
is at least r(L) — 1 (otherwise, breaking the cycle of a pseudotree by creating a new tree from one of its 
cycle's edges), and at least r(Mi) — 1 trees cover Mi in T. Then again t(L) > t(L — Mi) +r(Mi) — 2. 
Induction assumption gives us r(L — Mi) > r(L — U" =1 Mj) + J27=2 T (Mi) — 2(n — 1), thus r(L) = 




x y x y x y 

(a) (b) (c) 

Figure 9. Cases of Claim PI 



r(L - Ur=l M i) + E"=i T ( M i) ~ 2n as required. □ 
Claim 4.2 t(L) < r(L - U"=i M t ) + Eti < M i) ~ 

Proof. We prove the claim by induction in n. Let us observe minimal tree covers Tl-m-l of M\ and 
Tm 1 of Mi. We denote by x and y the end nodes of Mi, and by e x and e y the C-edges of L — M\ incident 
to the node m\ obtained by compressing M\. The first case is when e x and e y are traversed by two 
different trees of T^-Mxi denoted T\ and T2 (see Figure 0(a)). Then taking a tree S\ G Tjv^ traversing 
x, we set T\ := Ti + S\ and obtain a tree cover of size t(L — M\) + t{M\) — 1 for L. The second case 
is when e x and e y by the same tree T\ € Tl-M\ ■ If there exists a tree 5i G Tmj traversing both x and 
y (see Figure [9](b) ) , we set T\ := T% + Si and obtain a tree cover of size t[L — Mi) + t(Mi) — 1 for L. 
Otherwise, there exist trees Si,S% S Tm x traversing x and y respectively (see Figure [9](c) ) . We break 
T\ into two trees T[ and T", one covering e x and another e y , and set T{ := T[ + 5i and T^' := T" + S2. 
The resulting tree cover of L has the size t(L - Mi) + 1 + r(Mi) - 2 = r(L-Mi) +r(Mi) - 1. Then by 
induction we have r(L) < r{L - Mi) +r(Mi) - 1 < r(L - (J" =1 M;) + ^=1 T ( M i) ~ n > as required. □ 

Claims l4~T1 and l4~2l together imply that for all i G {1, ...,n} 

(4.4) r(L - Mj) + r(M) - 2 < r(L) < r(L - M) + r(M) - 1. 

We will also need the following property of L. 

Claim 4.3 Let r(L) = r(L - M { ) + r(Mj) - 2 for some j G {1, n}. Then is fit in L - Mi and 
Mi admits a proper tree cover. 

Proof. Let us assume that t(L) = r(L — Mi) + r(Mj) — 2 for some i G {1, ...,n} and let T be a 
minimal tree cover of L. If the C-edges of L \ Mi incident to Mi are traversed by two different trees 
T\ , T2 G T, then contracting Mj into gives us a tree cover for L — Mi, built from T, where m-i is 
traversed by two different trees and thus is fit. Deleting L \ Mj from L gives us a tree cover of Mj with 
end nodes traversed by Ti and T2 - a contradiction. 

If the C-edges of L\Mj incident to Mj are traversed by a single tree T\ G T, Mj is covered by r(M) — 1 

trees in T. Since no tree cover of Mj can contain less than r(Mj) trees, breaking Ti at the end nodes 
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of Mi gives us a proper tree cover of Mj. The cover of L — Mi, obtained from T by contracting Mj, 
contains precisely one pseudotree traversing mj and has size t(L — Mi) — 1. We create a new tree from 
one of the C-edges incident to roj and obtain a tree cover of L — Mi where is traversed by two 
different trees. Then mi is fit in L — Mi. □ 

Let T be any minimal tree cover of L and be the restriction of T onto Mj. Then 
(4.5) \T M .\=T{Mi). 

Indeed, if r(L) = t(L — Mi) + r(Mj) — 2, L — Mi and Mj can share exactly two trees, thus % contains 
precisely r(Mj) trees. If r(L) = r{L — Mj) + r(Mj) — 1, either L — Mi and Mj share exactly one tree in 
T, and thus \Tm z \ = r(Mj), or L — Mi and Mj share two trees and L — Mj is covered by r(L — Mj) + 1 
trees. In this case, again, |7mJ = 7"(M,). 

Claim 4.4 Let us select the largest index set ik} C {1, n} so that all M^ , Mj fc admit 

proper covers and m^, ...,rrii k are fit simultaneously in L — UjLi M- Then 
r(L) = r{L - (J? =1 M) + ^7=1 ^) -n-k. 

Proof. We prove the claim by induction in k. If k = 0, Claims l4~3l 14.21 and 14.11 ensure that 
t(L) = t(L - U" = i Mj) + Yh=\ T ( M i) ~ 2n. If k > 0, we denote by L' := L - M h . By induction 
assumption r(L') = t(L — UIL2 + Y17=2 T (^i) — n — k + 2, as mj 2 , are fit simultaneously 
in L — UjLi^- Since all Mj x admit a proper tree covers, and m^, ...,rrii k are fit simultaneously 
in L — UjLi-^*' we s i m ply construct the required tree cover by joining each two trees covering mj 
in a tree cover of L — Ur=i ^ with the two trees covering the end nodes of each Mj^ . For each 
Mj, j ^ {ii, ...,ik}, construct a tree cover of size t(L — U?=i Mi) + J27=i T (Mi) — n — k as in Claim 
1431 By flU) r(L) € {r(L') + r(M il ) - l,r(L') + r(M il ) - 2}. Then by induction assumption 
t(L — IJjLi Mj) + Y^i=i T (Mi) — n — k is the minimal possible size of for the tree cover of L. □ 

4.1. Proper tree cover of a composite element. In this section we study the existence of a proper 
tree for a composite element, when properties of the element are known. Here, L denotes a composite 
element and Mi, ...,M n denote the direct sub-elements of L. We will call Mj and Mj parallel in L if 
any maximal subset of M±, M n with proper tree covers and simultaneously fit contraction nodes in L 
contains both Mj and Mj. The intuition behind this definition is that only parallel direct sub-elements 
may affect the existence of a proper tree cover in composite element, as the following claim states. 

Claim 4.5 L admits a proper tree cover unless there exist parallel direct sub-elements Mi and Mj so 
that rrii and mj have the same fitness path. 

Proof. If no such pair of sub-elements exists, applying construction of Claim 14.41 to the proper tree 

cover of L — U£_i Ms ; which exists by Corollary 13.71 gives us the required tree cover. Otherwise, let 

us observe a proper tree cover T of L and parallel direct sub-elements Mj and Mj so that mj and rrij 
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Figure 10. Sub-elements in Claim l4~5l 




FIGURE 11. Building element from graph. 

have the same fitness path P mi = P mj - Contracting M^, ...,Mi k brings us to a proper tree cover of 
L' := L — UjLi M^, where the nodes m^, ...,rrii k are fit simultaneously. In L — IJILi ^i, by Corollary 
13.41 no m p / mi,rrij is fit and L — UiLi ^ contains precisely one C-edge. We then have 

n n n 

(4.6) T{L)=T{L-\jM i ) + Y,r{M i )-n-2 = Y j r{M i )-n, 

i=l i=l i=l 

from ClaimOJas r(L-|J"=i M { ) = 2 by By (@~5]) all M 1 , ...,M n are covered by r(Mi), ...,r(M n ) 

trees respectively in T. For the equality in (|4.6p to hold, every path in L connecting a sub-element Mj 
to another sub-element Mj has to be covered by a single tree (see Figure [TU]). This includes the path 
between the outermost direct sub-elements on C, consisting of the edges incident to the end nodes of 
L. Then T cannot be proper - a contradiction. □ 

5. Computing the tree number 

Here, we describe an algorithm for computing the tree number of a cut-outerplanar graph and show 
that the algorithm's time complexity is polynomial in the size of the input. 

First, we notice that an algorithm that computes the tree number of a composite element of a cut- 
outerplanar graph can compute the tree number of a cut-outerplanar graph. Indeed, a cut-outerplanar 
graph G can be treated as an element of another cut-outerplanar graph G' connected to G by a simple 
path as in Figure dU 
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Let L be an element (simple or composite) of a cut-outerplanar graph, and let M%, M n be its direct 
sub-elements. We will now compute r(L) using following steps. 

(1) If n = 0, t(L) = 2 by (|3.3|) and L always admits a proper tree cover by Corollary 13.71 

(2) If n > 0, we compute r(Mi), ...,r(M n ) by recursive application of the algorithm. We also find 
subset {Mj i; ...,Mj fc } C {Mi, ...,M n } of elements with a proper tree cover. 

(3) We contract M\,...,M n into degree two nodes m\,...,m n and obtain a simple element L — 

\SU Mi- 

(4) We find the maximum subset I C {l,...,n} so that each i 6 I lies in {ii,...,ik} and all mi, 
i E I, are fit simultaneously. This is done as follows. 

(a) Observe degree two nodes m^, ...,rrii k in a simple element L — UILi Mi- 

(b) Select maximal subset Ad of m^, ■■■,rrii k so that no two nodes have the same fitness path. 
Do it by picking one node out of every group with the same fitness path per group. 

(c) If \A4\ = 1, and there exist two nodes m',m" £ {m^, mj fe } with the same fitness 
path and L — UILi M% contains precisely one C-edge, let I contain the indices of m',m". 
Otherwise, let I contain the indices of the nodes in A4, 

Correctness of this step in ensured by Corollary 13.51 

(5) Claim S3] ensures that r(L) = r(L - U" =i M) + E"=i T ( M i) ~n-\I\. 

Since the element L — UILi Mi is simple, we conclude from (|3.3I) that r(L) = 2 + Yli=i r (-^i) — 
n — \I\, 

It remains to show that complexity of the above algorithm is polynomial. Finding cut-nodes in an 
outerplanar graph at worst requires deleting each node and checking the connectivity of the remain- 
ing graph, which can be done by applying depth-first search and is polynomial in the size of the 
graph. In general, finding an outerplanar embedding of an outerplanar graph is a polynomial task (see 
|Bienstock, Monma '9 1). Such an embedding has to be found for every 2-connected component of a 
cut-outerplanar graph. 

First, the tree number of each sub-element of L is computed exactly once, thus the total number of 
these computations does not exceed the number of edges in L. In step O existence of a proper tree 
cover of an element M is determined by its tree number and its sub-elements. Since computation of 
t(M) in step [J includes this data by Claim 14.51 no extra computation is required. Contraction of 
step [3] is straightforward and is linear in the size of L. Computation in step [U requires fitness path 
computation and a linear scan afterward. Computing fitness paths requires a walk along C between 
the end nodes of L, which is by itself linear in the number of nodes in L. The complexity of finding 
the end nodes of L is at worst quadratic in the number of nodes in L. Finally, the complexity step [5] 
is linear in the number of direct sub-elements of L. Therefore, the total complexity of computing the 
tree number of a cut-outerplanar graph is polynomial. 
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